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We show that for a relatively light majoron ( 100 eV) non-thermal production
from topological defects is an efficient production mechanism. Taking the type I
seesaw as benchmark scheme, we estimate the primordial majoron abundance and
determine the required parameter choices where it can account for the observed cos-
mological dark matter. The latter is consistent with the scale of unification. Possible
direct detection of light majorons with future experiments such as PTOLEMY and
the formation of boson stars from the majoron dark matter are also discussed.
1. INTRODUCTION AND MOTIVATION
Precision neutrino oscillation studies remain as the leading evidence for new particle
physics, as they imply that neutrinos are massive. However, the detailed nature of the neu-
trino mass generation mechanism remains much of a challenge. Weinberg was first to notice
that one can add to the Standard Model a dimension-five operator multiplying together
two lepton doublets and two Higgs doublets [1]. This becomes a Majorana neutrino mass
term after electroweak symmetry breaking takes place. However, this is far from a complete
theory of neutrino mass, since we have no clue as what is the underlying mechanism, its
associated mass scale and flavour structure, or the coefficient coming in front. A high-energy
completion of the Weinberg operator is needed, one of the most popular leads to the type-I
seesaw mechanism.
Likewise, the nature of neutrinos, Dirac or Majorana fermions, remains a well-kept mys-
tery. In the absence of a positive neutrinoless double beta decay discovery, also the Dirac
option remains viable, and can be “completed” into full-fledged theories of neutrino mass [2–
6]. Indeed there is a plethora of non-renormalizable operators for example, of dimension five
and six, that can lead to naturally suppressed Dirac neutrino mass [7, 8]. When the sym-
metry associated to neutrino mass generation is ungauged and breaks spontaneously then
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2there is an associated Nambu-Goldstone boson. This may happen for both Majorana and
Dirac options.
For definiteness, here we focus on the Majorana case, having in mind the type-I seesaw
mechanism with ungauged U(1)L lepton number symmetry [9]. Rather than assuming an ex-
plicit Majorana mass term for the “right-handed” neutrinos, we assume that lepton number
violation occurs through the non-zero vacuum expectation value of a singlet scalar [10, 11].
In this case the global U(1)L symmetry breaking leads to a Nambu-Goldstone boson, dubbed
the “majoron”. Despite its simplicity, such minimal extension of the standard model leads
to a variety of potential cosmological implications 1. For example, the majoron could acquire
mass from non-perturbative gravitational instanton effects [13]. A massive majoron in the
KeV scale has been suggested as a good dark matter (DM) candidate [14–19].
In this paper, we consider the case where the U(1)L symmetry is broken after inflation
and the majoron mass is relatively small ( eV). This is the case when the U(1)L symmetry
is restored by the thermal effect at a high temperature after reheating.2 As the temperature
decreases due to the cosmic expansion, the thermal effect is weakened. If the vacuum
potential of the U(1)L Higgs has a negative curvature at the origin, the U(1)L symmetry
becomes spontaneously broken at a critical temperature. The vacuum structure of the
U(1)L Higgs boson is non-trivial because the first homotopy group of the vacuum manifold
is given by pi1(U(1)) = Z. In this case, there is a vortex-type soliton, called a cosmic string,
that describes a non-trivial vacuum configuration after spontaneous breaking of the U(1)L
symmetry. Since the phase of the U(1)L Higgs boson is randomly distributed at the phase
transition time, and since beyond the horizon scale causality does not hold, cosmic strings
form at the time of the U(1)L symmetry breaking.
After the spontaneous breaking of the U(1)L symmetry, the right-handed neutrinos NR
obtain masses via the Yukawa interaction. As the temperature decreases, they become non-
relativistic and then decouple from the thermal plasma. Here, the lepton asymmetry can be
generated via the decay of the right-handed neutrino when there is a CP violating phase in
the Yukawa interaction with the Standard Model neutrinos. The lepton asymmetry is then
converted to the baryon asymmetry via the SU(2)L sphaleron effect. The observed baryon
asymmetry can be explained by this mechanism, called leptogenesis, when the lightest mass
of right-handed neutrinos is larger than of order 109 GeV [20].
As the thermal relic of the right-handed neutrinos is suppressed by the Boltzmann factor,
the interaction between majorons and the Standard Model plasma becomes irrelevant. Then
majorons are also decoupled from the Standard Model plasma, while they are relativistic.
This contribution gives a relativistic component of majorons or dark radiation, which is often
parametrized by the effective number of neutrinos. Here we show that, although small in our
1 Already in the eighties majorons were discussed in connection with the dark matter problem [12].
2 Even if the reheating temperature is lower than the U(1)L symmetry breaking scale, the U(1)L symmetry
may be restored during inflation by an interaction between the U(1)L Higgs and the inflaton. In this case,
the U(1)L symmetry is spontaneously broken during the reheating epoch.
3scenario, the thermal population of majorons could be observable in a future measurement
of CMB anisotropies.
We expect that the U(1)L symmetry is explicitly broken by a gravitational instanton
effect, giving a nonzero majoron mass mJ . When the Hubble parameter decreases below the
majoron mass scale, the U(1)L symmetry-breaking effect becomes relevant and the majoron
starts to oscillate coherently around a minimum of the potential. The explicit breaking of
U(1)L symmetry breaks the degeneracy of vacuum states and the fundamental homotopy
group of the vacuum manifold becomes trivial. Then domain walls form in such a way that
their boundaries are the cosmic strings. These defects disappear due to the tension of the
domain wall. Their energy is released as non-relativistic majorons, whose energy density
is determined by the energy of coherent oscillations and that of topological defects. We
expect these majorons to be the dominant component of the cosmological dark matter. We
estimate the abundance of non-thermal majorons produced from the topological defects and
determine the parameter region where we can explain the observed amount of dark matter.
Since there is no causality beyond the horizon scale, the complicated dynamics of topo-
logical defects results in an O(1) density perturbations to majoron DM. Fortunately, these
perturbations are only on small scales and do not affect the CMB temperature anisotropies
on observable scales. However, the density fluctuations grow after the matter-radiation
equality and boson stars may form because of the gravitational attractive interaction. We
show that the majoron can have either attractive or repulsive interactions, depending the
higher-dimensional operators. We also estimate the size and mass of a typical boson star.
If kinematically allowed, the majoron will decay to neutrinos [14], though its lifetime is
much longer than the present age of the Universe in most parameter regions of interest 3.
We find that the majoron can make up all of the dark matter even in this case. This is
particularly interesting since the neutrinos produced from the decay of majorons with mass
O(0.1− 1) eV are a promising target for direct detection experiments for neutrinos, such as
PTOLEMY [21, 22].
In Sec. 2 we discuss the majoron model and scalar potential. We show that the quartic
majoron interaction can have either sign, so that majorons can have either an attractive or
a repulsive interaction. In Sec. 3 we estimate the energy density of thermal and non-thermal
majorons. We determine the parameter space where we can explain the observed amount of
dark matter. Later, in Sec. 4 we discuss the possibility of detecting the light DM majoron in
PTOLEMY and also discuss the detectability of gravitational waves emitted during domain
wall decay. In Sec. 5 we show that gravitationally bound objects, called boson stars, may
form after the matter-radiation equality. We determine their typical size and mass. Finally,
in Sec. 6 we conclude and discuss some other issues, such as possible neutrinoless double
decay signals and primordial black hole formation from topological defects.
3 The effect of decaying majoron dark matter on the CMB was discussed in [15]. The impact of decaying
warm dark matter on structure formation and comparison with the CDM paradigm was treated in [19].
42. THE MINIMAL MAJORON MODEL
We adopt the simplest type I seesaw model with spontaneous lepton number violation
[10, 11]. The Yukawa Lagrangian is exactly that of the type-I seesaw
Lν = yνij l¯iLH†νjR +
yij
2
ν¯i cR σν
j
R + h.c. , (1)
responsible for the generation of small neutrino mass generation after spontaneous symme-
try breaking . The scalar potential is chosen to respect the U(1)L lepton number global
symmetry:
V = µ2H |H|2 + λH |H|4 + µ2σ|σ|2 + λσ|σ|4 + λHσ|σ|2|H|2 , (2)
where µ2σ < 0. We assume that λHσ is so small that the last term does not strongly affect
the Higgs potential.
In the potential above, H ∼ (1, 2, 1/2)0 and σ ∼ (1, 1, 0)2 are the Standard Model Higgs
doublet responsible for EW breaking and the singlet giving mass to right-handed neutrinos,
respectively. The subscript indicates the lepton number charge. One can write the majoron
field in polar form as:
σ =
(vσ + ρ)e
iJ/vσ
√
2
. (3)
2.1. Majoron potential
As the Universe cools down, the σ field will develop a non-zero vacuum expectation value
〈σ〉 = vσ/
√
2. In this theory, in addition to the spontaneusly breaking of the U(1)L global
symmetry one assumes explicit breaking terms arising from higher-dimensional terms of the
scalar potential, induced by gravitational instanton effects [13]. This in general gives a mass
to the majoron, which in our minimal picture corresponds to the angular part of the σ field:
J . The exact dynamics of the physics triggering such breaking is not important at this
point. The most important parameter is(
d2Veff
dJ2
)
〈σ〉
,
where Veff is the effective operator for higher-dimensional terms. This is required to be
non-zero for the majoron to be a dark matter candidate.
This means that, for simplicity, we can just assume that some underlying theory generates
an effective potential violating lepton number. Such potential is assumed to be a combination
of d-dimensional operators,
V deff =
c1
Md−4Pl
σd +
c2
Md−4Pl
|σ|2σd−2 + ...+ cd−2
Md−4Pl
|σ|d−2σ2 (d=even) or + cd−1
Md−4Pl
|σ|d−1σ (d=odd)
+
b1
Md−4Pl
|H|2σd−2 + ...+ bd−2
Md−4Pl
|H|d−2σ2 (d=even) or + bd−1
Md−4Pl
|H|d−1σ (d=odd) + h.c.
(4)
5where ci and bi are O(1) coefficients. Since we are interested in the case where 〈H〉  〈σ〉,
the second line can be neglected. The full effective potential (up to order dmax) will contain
a sum over odd and even d’s:
Veff(σ) =
dmax∑
d≥5
V deff . (5)
This potential explicitly breaks the lepton number U(1) symmetry. However, a discrete
subgroup may remain unbroken depending on which of the coefficients d and ci are non-
zero. This unbroken subgroup corresponds to the periodicity of the vacuum and can be the
responsible for dangerous domain wall formation. To see this, we write the pseudo-Nambu-
Goldstone part of the potential (forgetting about the radial excitation) using the polar form
in Eq. (3). The effective potential for the pseudo-Nambu-Goldstone field is given by
V
d (even)
eff (J) =
d/2∑
k=1
[
ck
vdσ
2d/2−1Md−4Pl
cos(2kJ/vσ) + bk
vd−2σ v
2
EW
2d/2−1Md−4Pl
cos(2kJ/vσ)
]
,
V
d (odd)
eff (J) =
(d−1)/2∑
k=0
[
ck
vdσ
2d/2−1Md−4Pl
cos((2k + 1)J/vσ) + bk
vd−2σ v
2
EW
2d/2−1Md−4Pl
cos((2k + 1)J/vσ)
]
,
(6)
where we have separated even and odd d parts. These clearly show that the vacuum has a
periodicity 2pi/2k and 2pi/(2k + 1), respectively, and may be smaller than 2pi.
The spontaneous breaking of discrete symmetries in general implies a cosmological catas-
trophe since it predicts the formation of stable domain walls [23], which lead to a highly
inhomogeneous Universe. In addition, their energy density evolves slower than radiation
or matter, and is bound to dominate the energy density of the Universe [24], contradicting
observation. Although domain-wall-free constructions can be envisaged [25], the existence
of domain walls is a generic problem. One possible solution is to rely on either inflation
(effectively pushing the walls beyond the horizon) or on removing the physical degeneracy
of the associated vacua via the Lazarides-Shafi mechanism [26] or on explicit breaking of the
residual discrete symmetry 4.
In our framework, however, we assume that spontaneous symmetry breaking takes place
after inflation, and the same gravitational physics generating the majoron mass is responsible
of lifting the degeneracy of the associated vacua. Noting that a combination of co-prime
powers of σ drives the explicit breaking U(1)L → Z1, we need at least two terms at the
potential involving co-prime powers of σ so as to avoid undesirable, stable, domain walls.
Note that this mild requirement cannot always be satisfied. For example, let’s assume d is
even. If the potential contains all possible powers on σ
σ2|σ|d−2, σ4|σ|d−4, ..., σd−2|σ|2, σd , (7)
4 This explicit breaking can be associated to new physics in many forms, such as the Witten effect [27] or
on instantons of a new confining interaction [28, 29].
6one notices that the U(1)L is not completely broken. Instead, it is broken down to Z4, just
because σ has U(1)L charge equal to 2. From another point of view, re-scaling the σ charge
to 1, the potential has a Z2 symmetry and the σ field transform as (-), odd, under it. In such
a situation, when the scalar field σ develops a non-zero vacuum expectation value, domain
walls are formed leading to a cosmological disaster. This is precisely the case of Ref. [30].
In contrast, if d is an odd number, the requirement of co-prime powers in σ in the effective
potential can be easily achieved, since the possible powers on σ in the chain
σ|σ|d−1, σ3|σ|d−3, ..., σd−2|σ|2, σd , (8)
always contain, at least two co-prime powers in σ. Thus, avoiding domain walls requires that
at least one d is odd. For example one can imagine a situation where we have d-dimensional
and (d + 1)-dimensional operators. These situations are always safe from domain walls, if
the relative suppresion of the operators is not extremely large. If one of the operators is
suppressed with respect to the other, then the domain walls survive for a short period and
decay. This case is expected to happen in a potential with a combination of terms like
V =
c1
MP
σ5 +
c2
M2P
σ6 + h.c. , (9)
which generate an effective potential for the majoron field:
V = c1
v5σ
23/2MP
cos (5J/vσ) + c2
v6σ
22M2P
cos (6J/vσ) . (10)
Since one naturally expects c1
MP
 c2
M2P
vσ, domain walls may survive for a period of time
before they disappear. One must make sure the hierarchy between operators is such that the
walls never dominate the Universe energy density. This puts constrains on the parameters,
as we will discuss in Sec. 3.
The terms in Eq. (4) clearly break lepton number symmetry and, therefore, generate an
effective potential for the majoron (this is, the angular part of σ),
Veff(J) =
(
d2Veff
dJ2
)
J=0
J2 +
(
d3Veff
dJ3
)
J=0
J3 +
(
d4Veff
dJ4
)
J=0
J4 + higher orders . (11)
From the first term we get the majoron mass. The trilinear and quartic couplings are self-
interactions that may be relevant for the formation of astrophysical objects such as boson
stars, as we will see later. If we focus in the high-scale seesaw model, the scale of lepton
number breaking is much larger than EW scale (presumably close to the unification scale).
This means that the contributions coming from d-dimensional operators involving Higgs
doublets (see Eq. (4)) are suppressed by a factor
v2EW
v2σ
<< 1 and can be neglected when
computing the effective potential for the majoron in Eq. (11).
7From Eq. (6), the majoron mass and quartic self-coupling can be written as
m2J =−
dmax∑
d
 d/2∑
k=1
ck
(2k)2
2d/2−1
(
vd−2σ
Md−4P
)
+
(d−1)/2∑
k=0
c˜k
(2k + 1)2
2d/2−1
(
vd−2σ
Md−4P
)
λ4 =
dmax∑
d
 d/2∑
k=1
ck
(2k)4
2d/2−1
(
vd−4σ
Md−4P
)
+
(d−1)/2∑
k=0
c˜k
(2k + 1)4
2d/2−1
(
vd−4σ
Md−4P
) .
(12)
In contrast to the axion case, where the quartic self-interaction is well known to be attractive,
the potential in Eq. (4) can lead to an effective quartic self-interaction between majorons
(Eq. (11)) that is either attractive or repulsive. The reason is that, while in the axion case
the coefficients are all related following the Taylor expansion of a cos(x) function, in the
majoron case the coefficients ck, c˜k in Eq. (12) are free parameters. For example, if we take
the operators d = 5 and d = 6, as in Eq. (10),
m2J = v
2
σ
[
−c5 5!
23/22!3!
vσ
MP
− c6 6!
222!4!
v2σ
M2P
]
= −v2σ
[
c5
5!
23/22!3!
+ c˜6
6!
222!4!
]
vσ
MP
λ4 = c5
5!
23/24!
vσ
MP
+ c6
6!
222!4!
v2σ
M2P
=
[
c5
5!
23/24!
+ c˜6
6!
222!4!
]
vσ
MP
,
(13)
with c˜6 =
vσ
MP
c6. Imagine, for example, that one has c5 = −
√
2c˜6, then:
m2J = −v2σ
[
−5
4
c˜6
vσ
MP
]
=
5
4
c6v
2
σ
v2σ
M2P
,
λ4 =
[
5
4
c˜6
vσ
MP
]
=
5
4
c6
v2σ
M2P
.
(14)
Since both m2J and λ4 come with the same sign, the interaction is repulsive. This may
produce a difference in the property of boson stars compared to the attractive case (which
is the case of the axion, for example). On the other hand, if one has c5, c˜6 < 0, then m
2
J > 0
and λ4 < 0, which means that the interaction is attractive. Then we conclude that the
majoron can have both attractive and repulsive self-interactions. As we will see later, this
opens interesting possibilities for the formation of astrophysical size bound states made of
majorons: majoron stars.
2.2. Constraints on parameters
A viable dark matter candidate must have a lifetime about ten times longer than the age
of the Universe t0 (' 14 Gyr ' 1/(1.5 × 10−42 GeV)) [31]. For the case of the majoron the
main decay mode is expected to be to two neutrinos [11]. The decay width is given as
Γ =
mJ
16pi
∑
im
2
νi
v2σ
' 4.8× 10−59 GeV
( mJ
1 meV
)( vσ
1012 GeV
)−2
, (15)
8where mνi (i = 1, 2, 3) denote the neutrino masses. We take
∑
im
2
νi
= ∆m212 + ∆m
2
32 '
(0.049 eV)2 for a reference parameter. Here we assumed that the majoron is heavier than
all the Standard Model neutrinos. Otherwise the constraint is weaker or absent. For the
majoron to be a viable DM candidate it must obey limits that follow from the CMB and
structure formation [15–19]. These are quite relevant for the case of KeV majorons and
depend on whether the majorons are thermally produced or not. These constraints are
satisfied in most of the parameter regions with lighter majorons that we are interested in.
As noted in Refs. [21, 22], the neutrinos produced from the majoron decay constitute
a promising target for direct detection experiments, such as PTOLEMY [32, 33], if the
majoron lies in the range O(0.1 − 1) eV with lifetime (10 − 100)t05. In their analysis, they
simply take the majoron abundance as a free parameter without specifying its production
mechanism. As we will see in Sec. 3 the efficient production mechanism of such a light and
relatively short lifetime majoron is a nontrivial constraint.
Another restriction of majorons and their couplings follows from astrophysics. The pre-
dicted energy released in supernovae is consistent with the Standard Model, hence any
additional particle that contributes significantly can be constrained by the SN1987A obser-
vations. From the process νανβ → J one can place constraints on the coupling to neutrinos
gνανβ [34], excluding a considerable part of the (gνανβ ,mJ) plane [35],
2.1× 10−10 MeV ≤ |gνeνe| × mJ ≤ 10−7 MeV . (16)
However, this constraint does not apply for the strong coupling regime 10−6 ≤ |gνeνe|, where
the mean free path of the majoron is smaller than the radius of the core of the supernova and
majorons cannot escape. For the region of interest, mJ  102 eV, the luminosity constraints
are almost irrelevant for our model.
Turning to the coupling of the majoron to charged fermions, in our minimal type-I seesaw
majoron model [11, 36] it arises at one-loop order and can be written as [37]
gJll ≈ ml
8pi2vEW
[
−1
2
Tr
[
mDm
†
D
vEWvσ
]
+
(mDm
†
D)ll
vEWvσ
]
, (17)
where mD ≡ yνvEW/
√
2 is the Dirac mass matrix for neutrinos. Focusing on the case of
electrons, one can show, after a bit of trivial algebra, that this reduces to
gJee ≈ 1
8pi2
me
vEW
mν
vEW
yνR . (18)
For reasonable Yukawa couplings this leads to a tiny coupling well below the limits from
stellar cooling. Moreover, we are interested in the case where the majoron mass is smaller
than O(100) eV. Hence there are no decays into the Standard Model charged fermions.
5 Lifetimes shorter than t0 are possible if the majoron is not the main form of dark matter. Its production
mechanism is still relevant, as the coherent oscillation does not produce enough energy density of majorons.
9: Reheating after inflation
: SSB of U(1)L, cosmic string formation
: NR decoupled, thermal leptogenesis
  Relativistic Majorons decoupled
: Domain wall formation
: Domain wall decay
: BBN
: Boson star formation
T ⇠M⌫R
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T = TRH
<latexit sha1_base64="o7ZA6nnvTiFQmIx xLf4aFCbnktk=">AAAMTnicdZZbb9s2FMfV7pbZ3dZuj3sh6gZwhtaznA3bS4EiaS5F4iIXOy0 a2QYlUbZiSrIp2k3Gsp9jr9sn2uu+yN6G7ZCSHZlyBAQ55u9/DqnDc0i5ExqmvNn8+979Tz797 PMvNr6sVB989fU3Dx99e5EmM+aRrpfQhL11cUpoGJMuDzklbyeM4Mil5I073lX8zZywNEziDr+ ZkF6Eh3EYhB7mMNTvoOeoMxAOi9DZoRw8rDUbTf2gsmHnRs3Kn5PBo+oPjp94s4jE3KM4TS/t5 oT3BGY89CiRFWeWkgn2xnhILsGMcUTSntDLlmgTRnwUJAz+Yo70aNFD4ChNbyIXlBHmo9Rkan Adu5zx4NeeCOPJjJPYyyYKZhTxBKkcID9kxOP0BgzssRDWirwRZtjjkKnKpjGNWly68irCjeQm chPqIzV5pVJxYvLeS6IIx75w5mQuL+2eQA4lAXcojoeUIFGzJXJYOBxxh2VDctXPZXjhV3D5YM rGhGeyD4uYa6ORCwmRkN5bsE18VOTjNYK2EjgoE7TXCA6KgoM1gk5R0FkjsAFHbnItbOmMUkgu Ec+ajdbPJJLZOJWGxxnx9bsLR1eLYPBbZwGEq0oajSG62oC6RGiVMc30VmwZE9Dxwu2y7DZeuv VMt9HCDTkClT1HS0/klNLgEwp0opoG05IvxXnkvCqkGRsvQueFYEQfYRqAIoDyhjyLVilTLlE RXDIMY2hchm/MpBMtIGCuxS6ZLv3JNL4jxDQPUVAYWfBVNUA7sUj4pn97AilqZwfVSakqoqEU0 UBs/9gyCXZTXS9ZAuEg5Ct9qAYkNHzR5VUkhZ4HDHOeySjUMznKMODhb6rYtSeYBoRDDuh0hn3 kcHLNhTr1Si8ZxiDSWJkmxddLCqbZznhECcxx5DwWWCrbrDJPL96ZY6YMo1PZIjRYZnWGeJhnR Jvmvp13obzOu/XtrWx7AjNAdwJ7363bOT85NQXvlOBdf0EH2wbfVXz3Lu+Zi2H1s75nrluP+6V xosdJaTzOAsH/Enrtv5fidbaAl2/MBeyr5e3ftbxA0flddIflqd0p5f1YpV03hIepOC7hqaca 5hiueh9n4U93X5oqL4lTvtjb7Ie5f1dQFVdZgDCGzTOOlytX451nxyXUhpY0x8JC95gVyEjOzo hilcom9n34AnBv0H6nAsdg4FAW1OxaK78669mpBQ0rai15e2DnyomS1rbXivMO3+qL2rZcumiP /FZANbsgai1EZ3v7NVuckaDx0fFCTvTlkqHzvV1A58QDxEhQIPuvDoDsh8MS2TsFsDdtfKwvwN aSnGuUrmGdvQtgdrOvXwdS5jxV92dOD8r04Ja2y7R9S4/KdHxLXTojgHW5ZBesGpGF94EL906B UfhwaQQDOIzM42CUnQZPspo7lE8MQZJ6UmRQmdL8vIrwPL8RGyga4H6reJoPROd5s3RuY66Pb fwU3TYK+NU75vUf4WhF2da6/N3JdM1emqs7VsHX9WUFvq5t81u6bFy0GnazYZ/+VHuxk39nb1j fW4+tumVbv1gvrEPrxOpansWs360/rD+rf1X/qf5b/S+T3r+X+3xnrTwPNv4H3lZ3FQ==</lat exit><latexit sha1_base64="o7ZA6nnvTiFQmIx xLf4aFCbnktk=">AAAMTnicdZZbb9s2FMfV7pbZ3dZuj3sh6gZwhtaznA3bS4EiaS5F4iIXOy0 a2QYlUbZiSrIp2k3Gsp9jr9sn2uu+yN6G7ZCSHZlyBAQ55u9/DqnDc0i5ExqmvNn8+979Tz797 PMvNr6sVB989fU3Dx99e5EmM+aRrpfQhL11cUpoGJMuDzklbyeM4Mil5I073lX8zZywNEziDr+ ZkF6Eh3EYhB7mMNTvoOeoMxAOi9DZoRw8rDUbTf2gsmHnRs3Kn5PBo+oPjp94s4jE3KM4TS/t5 oT3BGY89CiRFWeWkgn2xnhILsGMcUTSntDLlmgTRnwUJAz+Yo70aNFD4ChNbyIXlBHmo9Rkan Adu5zx4NeeCOPJjJPYyyYKZhTxBKkcID9kxOP0BgzssRDWirwRZtjjkKnKpjGNWly68irCjeQm chPqIzV5pVJxYvLeS6IIx75w5mQuL+2eQA4lAXcojoeUIFGzJXJYOBxxh2VDctXPZXjhV3D5YM rGhGeyD4uYa6ORCwmRkN5bsE18VOTjNYK2EjgoE7TXCA6KgoM1gk5R0FkjsAFHbnItbOmMUkgu Ec+ajdbPJJLZOJWGxxnx9bsLR1eLYPBbZwGEq0oajSG62oC6RGiVMc30VmwZE9Dxwu2y7DZeuv VMt9HCDTkClT1HS0/klNLgEwp0opoG05IvxXnkvCqkGRsvQueFYEQfYRqAIoDyhjyLVilTLlE RXDIMY2hchm/MpBMtIGCuxS6ZLv3JNL4jxDQPUVAYWfBVNUA7sUj4pn97AilqZwfVSakqoqEU0 UBs/9gyCXZTXS9ZAuEg5Ct9qAYkNHzR5VUkhZ4HDHOeySjUMznKMODhb6rYtSeYBoRDDuh0hn3 kcHLNhTr1Si8ZxiDSWJkmxddLCqbZznhECcxx5DwWWCrbrDJPL96ZY6YMo1PZIjRYZnWGeJhnR Jvmvp13obzOu/XtrWx7AjNAdwJ7363bOT85NQXvlOBdf0EH2wbfVXz3Lu+Zi2H1s75nrluP+6V xosdJaTzOAsH/Enrtv5fidbaAl2/MBeyr5e3ftbxA0flddIflqd0p5f1YpV03hIepOC7hqaca 5hiueh9n4U93X5oqL4lTvtjb7Ie5f1dQFVdZgDCGzTOOlytX451nxyXUhpY0x8JC95gVyEjOzo hilcom9n34AnBv0H6nAsdg4FAW1OxaK78669mpBQ0rai15e2DnyomS1rbXivMO3+qL2rZcumiP /FZANbsgai1EZ3v7NVuckaDx0fFCTvTlkqHzvV1A58QDxEhQIPuvDoDsh8MS2TsFsDdtfKwvwN aSnGuUrmGdvQtgdrOvXwdS5jxV92dOD8r04Ja2y7R9S4/KdHxLXTojgHW5ZBesGpGF94EL906B UfhwaQQDOIzM42CUnQZPspo7lE8MQZJ6UmRQmdL8vIrwPL8RGyga4H6reJoPROd5s3RuY66Pb fwU3TYK+NU75vUf4WhF2da6/N3JdM1emqs7VsHX9WUFvq5t81u6bFy0GnazYZ/+VHuxk39nb1j fW4+tumVbv1gvrEPrxOpansWs360/rD+rf1X/qf5b/S+T3r+X+3xnrTwPNv4H3lZ3FQ==</lat exit><latexit sha1_base64="o7ZA6nnvTiFQmIx xLf4aFCbnktk=">AAAMTnicdZZbb9s2FMfV7pbZ3dZuj3sh6gZwhtaznA3bS4EiaS5F4iIXOy0 a2QYlUbZiSrIp2k3Gsp9jr9sn2uu+yN6G7ZCSHZlyBAQ55u9/DqnDc0i5ExqmvNn8+979Tz797 PMvNr6sVB989fU3Dx99e5EmM+aRrpfQhL11cUpoGJMuDzklbyeM4Mil5I073lX8zZywNEziDr+ ZkF6Eh3EYhB7mMNTvoOeoMxAOi9DZoRw8rDUbTf2gsmHnRs3Kn5PBo+oPjp94s4jE3KM4TS/t5 oT3BGY89CiRFWeWkgn2xnhILsGMcUTSntDLlmgTRnwUJAz+Yo70aNFD4ChNbyIXlBHmo9Rkan Adu5zx4NeeCOPJjJPYyyYKZhTxBKkcID9kxOP0BgzssRDWirwRZtjjkKnKpjGNWly68irCjeQm chPqIzV5pVJxYvLeS6IIx75w5mQuL+2eQA4lAXcojoeUIFGzJXJYOBxxh2VDctXPZXjhV3D5YM rGhGeyD4uYa6ORCwmRkN5bsE18VOTjNYK2EjgoE7TXCA6KgoM1gk5R0FkjsAFHbnItbOmMUkgu Ec+ajdbPJJLZOJWGxxnx9bsLR1eLYPBbZwGEq0oajSG62oC6RGiVMc30VmwZE9Dxwu2y7DZeuv VMt9HCDTkClT1HS0/klNLgEwp0opoG05IvxXnkvCqkGRsvQueFYEQfYRqAIoDyhjyLVilTLlE RXDIMY2hchm/MpBMtIGCuxS6ZLv3JNL4jxDQPUVAYWfBVNUA7sUj4pn97AilqZwfVSakqoqEU0 UBs/9gyCXZTXS9ZAuEg5Ct9qAYkNHzR5VUkhZ4HDHOeySjUMznKMODhb6rYtSeYBoRDDuh0hn3 kcHLNhTr1Si8ZxiDSWJkmxddLCqbZznhECcxx5DwWWCrbrDJPL96ZY6YMo1PZIjRYZnWGeJhnR Jvmvp13obzOu/XtrWx7AjNAdwJ7363bOT85NQXvlOBdf0EH2wbfVXz3Lu+Zi2H1s75nrluP+6V xosdJaTzOAsH/Enrtv5fidbaAl2/MBeyr5e3ftbxA0flddIflqd0p5f1YpV03hIepOC7hqaca 5hiueh9n4U93X5oqL4lTvtjb7Ie5f1dQFVdZgDCGzTOOlytX451nxyXUhpY0x8JC95gVyEjOzo hilcom9n34AnBv0H6nAsdg4FAW1OxaK78669mpBQ0rai15e2DnyomS1rbXivMO3+qL2rZcumiP /FZANbsgai1EZ3v7NVuckaDx0fFCTvTlkqHzvV1A58QDxEhQIPuvDoDsh8MS2TsFsDdtfKwvwN aSnGuUrmGdvQtgdrOvXwdS5jxV92dOD8r04Ja2y7R9S4/KdHxLXTojgHW5ZBesGpGF94EL906B UfhwaQQDOIzM42CUnQZPspo7lE8MQZJ6UmRQmdL8vIrwPL8RGyga4H6reJoPROd5s3RuY66Pb fwU3TYK+NU75vUf4WhF2da6/N3JdM1emqs7VsHX9WUFvq5t81u6bFy0GnazYZ/+VHuxk39nb1j fW4+tumVbv1gvrEPrxOpansWs360/rD+rf1X/qf5b/S+T3r+X+3xnrTwPNv4H3lZ3FQ==</lat exit><latexit sha1_base64="o7ZA6nnvTiFQmIx xLf4aFCbnktk=">AAAMTnicdZZbb9s2FMfV7pbZ3dZuj3sh6gZwhtaznA3bS4EiaS5F4iIXOy0 a2QYlUbZiSrIp2k3Gsp9jr9sn2uu+yN6G7ZCSHZlyBAQ55u9/DqnDc0i5ExqmvNn8+979Tz797 PMvNr6sVB989fU3Dx99e5EmM+aRrpfQhL11cUpoGJMuDzklbyeM4Mil5I073lX8zZywNEziDr+ ZkF6Eh3EYhB7mMNTvoOeoMxAOi9DZoRw8rDUbTf2gsmHnRs3Kn5PBo+oPjp94s4jE3KM4TS/t5 oT3BGY89CiRFWeWkgn2xnhILsGMcUTSntDLlmgTRnwUJAz+Yo70aNFD4ChNbyIXlBHmo9Rkan Adu5zx4NeeCOPJjJPYyyYKZhTxBKkcID9kxOP0BgzssRDWirwRZtjjkKnKpjGNWly68irCjeQm chPqIzV5pVJxYvLeS6IIx75w5mQuL+2eQA4lAXcojoeUIFGzJXJYOBxxh2VDctXPZXjhV3D5YM rGhGeyD4uYa6ORCwmRkN5bsE18VOTjNYK2EjgoE7TXCA6KgoM1gk5R0FkjsAFHbnItbOmMUkgu Ec+ajdbPJJLZOJWGxxnx9bsLR1eLYPBbZwGEq0oajSG62oC6RGiVMc30VmwZE9Dxwu2y7DZeuv VMt9HCDTkClT1HS0/klNLgEwp0opoG05IvxXnkvCqkGRsvQueFYEQfYRqAIoDyhjyLVilTLlE RXDIMY2hchm/MpBMtIGCuxS6ZLv3JNL4jxDQPUVAYWfBVNUA7sUj4pn97AilqZwfVSakqoqEU0 UBs/9gyCXZTXS9ZAuEg5Ct9qAYkNHzR5VUkhZ4HDHOeySjUMznKMODhb6rYtSeYBoRDDuh0hn3 kcHLNhTr1Si8ZxiDSWJkmxddLCqbZznhECcxx5DwWWCrbrDJPL96ZY6YMo1PZIjRYZnWGeJhnR Jvmvp13obzOu/XtrWx7AjNAdwJ7363bOT85NQXvlOBdf0EH2wbfVXz3Lu+Zi2H1s75nrluP+6V xosdJaTzOAsH/Enrtv5fidbaAl2/MBeyr5e3ftbxA0flddIflqd0p5f1YpV03hIepOC7hqaca 5hiueh9n4U93X5oqL4lTvtjb7Ie5f1dQFVdZgDCGzTOOlytX451nxyXUhpY0x8JC95gVyEjOzo hilcom9n34AnBv0H6nAsdg4FAW1OxaK78669mpBQ0rai15e2DnyomS1rbXivMO3+qL2rZcumiP /FZANbsgai1EZ3v7NVuckaDx0fFCTvTlkqHzvV1A58QDxEhQIPuvDoDsh8MS2TsFsDdtfKwvwN aSnGuUrmGdvQtgdrOvXwdS5jxV92dOD8r04Ja2y7R9S4/KdHxLXTojgHW5ZBesGpGF94EL906B UfhwaQQDOIzM42CUnQZPspo7lE8MQZJ6UmRQmdL8vIrwPL8RGyga4H6reJoPROd5s3RuY66Pb fwU3TYK+NU75vUf4WhF2da6/N3JdM1emqs7VsHX9WUFvq5t81u6bFy0GnazYZ/+VHuxk39nb1j fW4+tumVbv1gvrEPrxOpansWs360/rD+rf1X/qf5b/S+T3r+X+3xnrTwPNv4H3lZ3FQ==</lat exit>
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FIG. 1: Cosmological history of our simple type-I seesaw majoron model.
In summary, the majoron couples to the Standard Model particles only weakly and its
lifetime is many orders of magnitude larger than the age of the Universe. Therefore, it
provides a good dark matter candidate. As we will see shortly, the majorons can be produced
non-thermally without large kinetic energy, and hence can be cold DM.
3. PRIMORDIAL DENSITY OF MAJORONS
In this section, we estimate the abundance of majorons produced thermally or non-
thermally in the early Universe. The cosmological history of our model is summarized
in Fig. 1. We will discuss these phenomena in more detail in the subsequent sections to
calculate the energy density of majoron DM and discuss its detectability.
3.1. Thermal production
Before spontaneous breaking of the lepton symmetry, the scalar field σ interacts with the
right-handed neutrinos and these interact with the Standard Model leptons via the Yukawa
interactions. The interaction brings all particles to thermal equilibrium until the scalar field
obtains a vacuum expectation value (VEV) at the time of the lepton number violation phase
transition.
After the spontaneous symmetry breaking the right-handed neutrinos obtain the effective
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masses via the Yukawa interaction. Their abundance becomes exponentially suppressed in
the non-relativistic regime, where the temperature drops below their mass. Then the right-
handed neutrinos decouple from the SM sector. The thermal energy density of majorons is
given by
ρth =
ζ(3)
2pi2
T 3JmJ , (19)
where TJ is the temperature of majorons. Since the majorons decouple from the Standard
Model sector at the time of spontaneous lepton number symmetry breaking, their relic
abundance at present is calculated as
ΩJ,thh
2 ' g−1∗
( mJ
12 eV
)
e−t0/τJ , (20)
where g∗ (= 106.75) is the number of effective degrees of freedom at the time of decoupling,
t0 the age of the Universe and τJ the majoron lifetime. Here we assumed that the majoron
becomes non-relativistic before the matter-radiation equality, which is the case for mJ &
O(1) eV. Since we require ΩJ,thh2 ≤ (ΩJ,thh2)(obs) ' 0.12, the majoron should be much
lighter than O(100) eV.
If the majoron mass is of order the keV scale, its thermal velocity is not negligible during
the matter-dominated epoch. The free-streaming of thermal relic majorons erases density
perturbations on the small scales, which may be in contradiction with observations of large-
scale structure [19]. A stringent constraint on the free-streaming length comes from the
observation of the Lyman-α forest by the 21 cm line. This requires that the majoron mass
is smaller than about 5.3 KeV (see, e.g., Ref. [38] and references therin).
Notice that when the majoron mass is smaller than O(1) eV, its thermal relic behaves
like dark radiation 6. The energy density of dark radiation is conveniently parametrized by
the “effective” number of neutrino species Neff . The deviation from the Standard Model
prediction is given by
∆Neff =
4
7
(
g∗
43/4
)−4/3
' 0.027. (21)
The cosmic microwave background (CMB) anisotropies are sensitive to the energy density
of the Universe and can put a constraint on Neff . The Planck collaboration reported the
constraint as Neff = 2.99± 0.17 [43], which is consistent with the SM prediction of N (SM)eff '
3.046 [44]. The CMB-S4 experiment will improve the sensitivity as ∆Neff = 0.0156 [45, 46].
We expect that a deviation from the SM prediction may be observed in the near future.
3.2. Non-thermal production
Majorons can be produced non-thermally around the time when the majoron mass mJ
becomes comparable to the Hubble parameter, which we denote as Hosc. Although it is
6 See, e.g., Refs. [39–42] for other models of dark radiation.
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technically difficult to distinguish them, there are three contributions for the non-thermal
production of majorons: coherent oscillation of majorons, decay of cosmic strings and decay
of domain walls. As we will see below, these contributions give comparable amounts of
primordial majorons. The discussion below is similar to the case of non-thermal production
of axions [47] though the majoron mass is independent of the temperature of the plasma
and the QCD scale.
Since we consider the case where the phase transition occurs after inflation, the angular
direction of the lepton number violation VEV is randomly distributed with a correlation
length of the order of the Hubble radius at the time of the phase transition. When the initial
state angle is not aligned with the explicit symmetry breaking minimum, the majoron starts
to oscillate coherently at the time when Hosc ' mJ/3. The temperature of the thermal
plasma at this time is given by
Tosc ' 5× 102 GeV
( mJ
1 meV
)1/2
, (22)
where we used g∗ = 106.75 as the effective number of relativistic degrees of freedom. The
energy density of coherent oscillation of majorons can therefore be estimated by taking an
average over the flat distribution as
ρcoh ' 1
2pi
∫
m2Jv
2
σ(1− cos θ)dθ = m2Jv2σ, (23)
where we assumed a sine-Gordon-like scalar potential and neglected an anharmonic effect
around the top of the potential. The energy fraction from this contribution is given by7
Ωcohh
2 ' 0.05
( mJ
1 meV
)1/2 ( vσ
1012 GeV
)2
e−t0/τJ . (24)
Because of the hierarchy of energy scales between the lepton number violation scale and
the majoron mass, there are two kinds of phase transitions associated to the majoron. The
first one is the phase transition associated to the σ VEV, 〈σ〉 = vσ/
√
2, around the time
when T ∼ vσ. We denote the temperature and the Hubble parameter at this time as T1 and
H1, respectively. We consider the case where mJ  H1 so that the explicit U(1) symmetry
breaking term is negligible at the time of the first phase transition.
Since the phase of the σ field is distributed randomly, cosmic strings form after the first
phase transition. The tension of the Abelian-Higgs cosmic string is determined by the lepton
number breaking VEV as
µstring ' piv2σ ln
L
d
, (25)
where d ∼ 1/mρ is the core width of cosmic strings and L is an infrared cutoff determined
below. The dynamics of comic strings is complicated but can be qualitatively understood
7 Note that when the majoron lifetime is of the same order as the age of the Universe its decay is relevant
in computing the relic density today. On the other hand, for lifetimes τ ≥ O(10) t0, the effects of majoron
decay become negligible and the e−t0/τJ factor is close to 1.
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by causality. When a cosmic string collides with another cosmic string, they are connected
to form longer cosmic strings. Since the typical velocity of cosmic strings does not exceed
order unity, the number of cosmic string within one Hubble volume is also of order one. The
infrared cutoff L is taken to be ∼ 1/H because the typical distance between cosmic strings
is of order 1/H.
When the Hubble parameter decreases down to mJ , the explicit U(1)L symmetry breaking
term becomes relevant and the second phase transition with domain wall formation occurs.
Because of the explicit symmetry breaking term, each cosmic string becomes attached by
domain walls. The tension of the domain wall is determined by the U(1) symmetry breaking
term and the σ field VEV as
σwall ' 8
N2
mJv
2
σ, (26)
where we assume that the majoron potential is given by the sine-Gordon form (see, e.g.,
Ref. [48]). We also introduce the domain wall number N for later convenience, which is
equal to unity when high-dimensional operators break U(1)L completely.
The cosmic strings start to shrink to a point due to the tension of the domain wall after
the second phase transition. They disappear when the tension of the domain wall exceeds
that of cosmic string
σwall = Hdecayµstring, (27)
which corresponds to H = Hdecay, given by
Hdecay ' 8
pi
(
ln
mρ
Hdecay
)−1
mJ (∼ Hosc), (28)
where we used N = 1. Majorons are produced from the decay of these topological defects.
Noting that the number of cosmic strings within one Hubble volume is of order unity before
they disappear, the energy density of cosmic strings can be estimated by
ρstring ∼
2H−1decayµstring
4pi/3H−3decay
' 96
pi2
(
ln
mσ
Hdecay
)−1
m2Jv
2
σ. (29)
In a similar way, the energy density of domain walls can be estimated by
ρDW ∼
4piH−2decayσwall
4pi/3H−3decay
' 192
pi
(
ln
mσ
Hdecay
)−1
m2Jv
2
σ. (30)
A typical energy of majorons produced from this process is of order Hdecay, which is the only
parameter determining the dynamical time scale of topological defects. Since Hdecay ∼ mJ ,
the majorons become non-relativistic soon after they are produced [47]. Note that the
energy densities (29) and (30) are the same order with Eq. (23) and hence we can use
Eq. (24) for an order of magnitude estimate of the majoron relic density. The result is
shown in Fig. 2. Notice that, along the red line one can explain the observed amount of
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FIG. 2: Constraints on the majoron dark matter scenario. Within the shaded regions thermal (right
vertical band) and non-thermal (upper region) majorons are overproduced. By changing the ratio
mJ/mZN = 1, 10
10, and 1020, one can account for the observed amount of dark matter along the red,
green, and blue lines, respectively. The region below the orange dashed line cannot explain the observed
dark matter from the requirement in Eqs. (35) and (36). The square dot at mJ = 1 eV and vσ = 10
6 GeV
represents the parameter region in which neutrino signals from majoron decay would be observable by the
PTOLEMY experiment. Above the magenta dotted line the majoron may form dilute boson stars, see
Sec. 5, while in the region below that line it would form dense boson stars, provided it has a repulsive
quartic interaction.
dark matter as cold majorons arising from these three processes. In the shaded regions,
majorons are overproduced by the thermal (right region) or the non-thermal (upper region)
processes.
We now turn to the case where the energy scale where all discrete symmetries are broken
by higher dimensional operators is much smaller than the majoron mass. This is possible if
the U(1)L symmetry is broken to ZN at the energy scale of mJ and then the residual ZN
symmetry is broken explicitly by another operator. This is related to the fact that we need
at least two higher-dimensional operators with coprime powers in σ to break completely the
U(1)L symmetry at the energy scale of mZN ( mJ). In this case, each cosmic string is
attached by N domain walls after the phase transition of U(1)L to ZN . Although the cosmic
string is pulled by the domain walls, the collective effect of N domain walls does not make
the cosmic string to shrink to a point. Therefore the cosmic string and domain wall network
will survive until the effect of explicit ZN breaking becomes efficient.
We now proceed to estimate the effect of these long-lived majoron domain walls. Suppose
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that the explicit ZN breaking generates a typical difference of vacuum energies among the
N vacua given by Vdif . The energy differences lead to vacuum pressure on the domain
walls. When the vacuum pressure becomes stronger than the tension of domain walls, the
lowest vacuum state will dominate the entire Universe and the cosmic string and domain
wall system will disappear. Noting that a typical length scale of the network is given by
H−1, the condition that the vacuum pressure exceeds the domain wall tension is given by
Vdif > Hσwall. (31)
The network disappears at the threshold of the above condition:
Hdecay(≡ mZN ) '
Vdif
σwall
. (32)
The energy density of majorons produced by the domain-wall decay is given by
ρDW ∼
4piH−2decayNσwall
4pi/3H−3decay
' 24
N
(
mZN
mJ
)
m2Jv
2
σ, (33)
at H = Hdecay (≡ mZN ). It follows that the density parameter at present is given by
ΩDWh
2 ∼ N−1
(
mJ
mZN
)1/2 ( mJ
1 meV
)1/2 ( vσ
1012 GeV
)2
e−t0/τJ . (34)
The relation between mJ and vσ for a fixed ΩDWh
2 can be changed by choosing a different
mZN (or Vdif). This is shown in Fig. 2, where the red, green, and blue lines represent
ΩDWh
2 = 0.12 for mJ/mZN = 1, 10
10, and 1020, respectively. While these may seem
unnaturally large values for the ratio, one must keep in mind that their relative size is
controlled by a power of of (MP/vσ), since mJ and mZN can come from different high-
dimensional operators and is expected to be large.
Since we are interested in the case where the majorons produced from these topological
defects constitute the dark matter, they must be produced before the matter-radiation
equality. The reason is that since this majoron domain walls are topological defects in the
phase direction of σ, they can decay only into majorons and gravitational waves (gravitons).
These particles do not interact with the Standard Model particles efficiently and, as a result,
they do not spoil Big-Bang Nucleosynthesis (BBN). This requirement constrains Hdecay ≡
mZN to be
mZN  1.6× 10−37 GeV. (35)
Combining with ΩDWh
2 . 1, this ensures that the domain walls disappear before dominating
the energy density of the Universe [24]:
ρDW(Hdecay) 3M2PlH2decay ↔
mZN
mJ
 8
N
(
vσ
MPl
)2
. (36)
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From these constraints, we cannot take arbitrary small mJ or vσ to explain the observed
amount of dark matter. This is shown as the orange dashed line in Fig. 2, below which
ΩDWh
2 cannot reproduce the observed amount of dark matter (' 0.12) consistently with
Eq. (35) and Eq. (36). Note that for larger majoron masses its decay becomes relevant. This
is due to the e−t0/τJ factor in the relic densities (see Eqs.(20), (24) and (34)) and explains
why larger values for mJ are allowed by thermal production constraints provided vσ is not
larger than O(107) GeV. This is the case of the well-known KeV majoron [14–19] which
would lie in the region between the boundary of the shaded region and the dashed orange
line. This majoron behaves as decaying warm dark matter when it is thermally produced.
4. POSSIBLE SIGNATURES
Apart from generic signatures associated to neutrino masses and mixing, such as neutrino
oscillations [49] and neutrinoless double beta decay [50], the majoron scenario can lead
to more specific processes involving majoron emission. For example, majoron emission in
neutrinoless double beta decay has been suggested long ago [51] and has been recently
reconsidered in a non-standard way in [52]. In our simplest singlet majoron setup, however,
the coupling of the majoron to matter is too weak for an observable impact on neutrinoless
double beta decay experiments.
However, as we saw, the majoron can provide a viable candidate for cosmological dark
matter, produced non-thermally from the decay of topological deffects or coherent oscilla-
tions. In addition, it may induce signatures that might perhaps lie within the capabilities
of upcoming cosmological observations.
4.1. PTOLEMY
We first comment on the possibility that the majoron can be indirectly observed by direct
detection experiments for cosmic neutrinos, like PTOLEMY. If the lifetime of majoron is
of order 10 − 100 times longer than the age of the Universe and if its mass is O(1) eV,
one expects that PTOLEMY experiment will observe signals of neutrinos produced from
the majoron decay [21, 22]. From Eq. (15), we require vσ = O(106) GeV to make the
O(1) eV majoron decay at around (10 − 100)t0. This is plotted as a square dot in Fig. 2.
We note that such light and relatively short-lived majorons cannot be efficiently produced
from the coherent oscillation (see Eq. (24)). However, they can be produced appreciably
via the domain-wall decay if there remains a residual ZN symmetry below the energy scale
of mJ . From Eq. (34), we can see that the majoron can make up all of the dark matter if
mJ/mZN ∼ 1020. This is consistent with the constraints (35) and (36).
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4.2. Gravitational waves from late decaying majoron domain walls?
One is also tempted to ask whether the allowed parameter space can lead to gravitational
wave emission from the decay of the topological defects. The energy density of emitted
gravitational waves is given by [53]
Ωgwh
2 ∼ 3× 10−18
(
g? s(Tdecay)
10
)−4/3 ( σ
1 TeV
)2( Tdecay
10 MeV
)−4
, (37)
showing a strong dependence on the temperature at which the walls annihilate, given roughly
by Tdecay ∼
√
mZNMP . This gravitational waves are peaked at the frequency:
f ∼ 10−9
(
Tdecay
10 MeV
)
Hz . (38)
The region where PTOLEMY can detect this majoron, generated from the decay of domain
walls, seems a particularly interesting one. Note that one needs mZN = 10
−20mJ in that
case, implying a rather long lived domain wall with Tdecay ∼ O(1) kev. However, the careful
reader will notice that, despite the energy density being concevaibly detectable in future
experiments like SKA [54], one has that, for this case (using the PTOLEMY parameters:
mJ = 1 eV and vσ = 10
6 GeV):
Ωgwh
2 ∼ 10−14 , (39)
f ∼ 10−13 Hz, (40)
so the frequency is too low for current of near future gravitational wave detectors. This is,
in fact, the case for the whole parameter space we consider in Fig.2. The reason is that
when one fixes the energy density of majorons to be the desired one for the dark matter
interpretation,
ΩDWh
2 ∼ 0.12 , (41)
one gets that a relation between the domain wall decay parameter and the fundamental
parameters of the theory,
mZN ∼ m2Jv4σ/(1036 GeV5) . (42)
This relation shows that the gravitational wave parameters in Eqs. (37) and (38) are not
independent once ΩDMh
2 is fixed and, in fact:
Ωgwh
2 ∝ f−2 . (43)
This implies that if we increase the frequency of the waves in order to be detectable say, at
SKA [54], the energy density will be beyond its sensitivity. It is expected that SKA will be
sensitive to Ωgwh
2 ∼ 10−15 but peaked at frequencies around f ∼ 10−8 Hz [55]. We conclude
that the observation of majoron domain wall decay does not seem viable in gravitational
wave experiments.8
8 If the phase transition associated to spontaneous lepton number violation is strongly first order, gravi-
tational waves will be produced, though the magnitude of the associated signal will depend on details of
the scalar dynamics, such as the value of vσ (see, e.g., a recent work [56].)
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5. BOSON STARS AND BLACK HOLES
It is known that an oscillating real scalar field may form a quasi-stable localized clump
under certain conditions 9. When the second derivative of the potential for the scalar field
is smaller for a larger field value, one can find such a localized solution, called an oscillon.
There is also a solution stabilized by the gravitational interaction, in which case the solution
is called a boson star. There are several formalisms to calculate the configuration of these
objects [58–63]. In the following qualitative discussion we follow the argument in Ref. [62],
which is accurate enough for our purpose.
The configuration is determined by the balance amongst the gradient energy, the potential
energy, and the gravitational potential energy. For the case of the majoron, the leading self-
interaction (the four-point interaction) can be either an attractive or a repulsive force. When
the self-interaction is attractive, a smaller configuration is preferred to minimize the potential
energy and the gravitational potential energy, while a smooth and broader configuration is
favoured to minimize the gradient energy. On the other hand, when the self-interaction is
a repulsive force, it prefers a larger configuration. The size of the stable configuration is
therefore determined by the balance of these effects.
We can estimate the typical values of the gradient energy, potential energy, and the
gravitational potential energy normalized to m2Jφ
2 as follows,
δx ∼ (∇φ)2m2Jφ2 ∼ (mJR)
−2, (44)
δV ∼ |λ4|φ4m2Jφ2 , (45)
δg ∼ Ψ ∼ 1M2Pl
∫ m2Jφ2
r
d3r ∼ m2Jφ2
M2Pl
R2, (46)
respectively. In the above equation R is the radius of the boson star and φ is a field value at
the center of the boson star. In our case, the majoron J will play the role of φ. We generically
denote the quartic interaction coupling of the majoron as λ4. From, e.g., Eq. (14), we obtain
|λ4| ∼ m2J/v2σ. The mass of the boson star is roughly given by M ∼ m2Jφ2R3. When the
potential energy is negligible, the configuration is determined by δx ∼ δg, which gives
M ∼
(
MPl
mJ
)2
1
R
. (47)
This kind of configuration is known as a dilute boson star. The critical radius Rc below
which the self-interaction is relevant can be estimated by the condition δV ∼ δx ∼ δg. This
leads to
Rc ∼
√
|λ4|MPl
m2J
' 5× 102 m ( mJ
1 meV
)−1 ( vσ
1012 GeV
)−1
, (48)
Mc ∼ MPl√|λ4| ' 4× 10
18 g
(
mJ
1 meV
)−1 ( vσ
1012 GeV
)
, (49)
9 See, e.g., Ref. [57] in the context of the QCD axion. Boson star formation may also occur in the context
of ALPS models.
18
where Mc is the critical mass.
When the self-interaction is an attractive force, the dilute boson star branch, Eq. (47),
is connected to a dense boson star branch around R = Rc. The configuration is then
determined by the attractive self-interaction and the gradient energy. The dense boson star
branch has two types solutions: an unstable solution and a stable one. The dilute boson star
branch is connected to the unstable dense boson star branch, the latter of which is shown as
a dashed blue curve in Fig. 3. It is connected to the stable dense boson star branch around
R ∼ 1/mJ , which is not shown in the figure.
When the self-interaction is a repulsive one, the boson star is stabilized by the attractive
gravitational force and the repulsive self-interaction when its mass is larger than the critical
mass. The solution Eq. (47) is therefore connected to a branch that is determined by δV ∼ δg.
Since this condition gives a constant radius R ∼ Rc, the branch is asymptotic to Rc as we
can see from Fig. 3.
Now we shall consider the formation of boson stars. Since the initial state angle of the
coherent oscillation is random and since the dynamics of the topological defects is compli-
cated, majorons produced from these mechanisms have O(1) fluctuations at the time of their
production. Since causality is maintained within the Hubble volume, the wavelength of the
fluctuations is of order 1/Hdecay. The non-thermally produced majorons inside the comov-
ing volume of this scale result in the formation of a compact object due to the gravitational
instability during the matter dominated era. We also note that the relaxation time scale via
the self-interactions is much shorter than the Hubble expansion rate [64]. A typical mass of
the object is then given by [65]
M ∼4pi
3
H−3decayρJ(Tdecay) ' 2× 1014 g ×N−1
(
mJ
mZN
)2 (
mJ
1 meV
)−1 ( vσ
1012 GeV
)2
, (50)
where we used Eq. (33) for ρJ and Hdecay ≡ mZN . The ratio between M and Mc is given by
M
Mc
∼ 3× 10−5 ×N−1/2
(
mZN
mJ
)−7/4 ( mJ
1 meV
)−1/4
, (51)
where we assumed ΩDWh
2 = 0.12 and used Eq. (34) to eliminate vσ dependence.
Note that the kinetic energy of majorons is extremely small and their typical de Broglie
wavelength is of order 1/Hdecay at the time of their production. Then a typical occupancy
number of majorons is given by
N ∼ 4pi
3
H−3decay
ρJ(Tdecay)
mJ
∼ 1× 1050 ×N−1
(
mJ
mZN
)2 ( mJ
1 meV
)−2 ( vσ
1012 GeV
)2
. (52)
This extremely large occupancy number implies that majorons form a Bose-Einstein con-
densate. As the perturbations grow, a gravitationally bound object, called a boson star,
forms for each condensation. When M . Mc, the size of the boson star is determined by
19
the offset between the kinetic energy and the gravitational potential energy as Eq. (47). We
then obtain
R ∼ 1
M
(
MPl
mJ
)2
∼ 1× 107 m ×N
(
mJ
mZN
)−2 ( mJ
1 meV
)−1 ( vσ
1012 GeV
)−2
, (53)
where we use Eq. (50) in the last equality. Note that Eq. (53) can be rewritten as
R ∼ H−1decay
(
a(Teq)
a(Tdecay)
)(
mJ
mZN
)−2
, (54)
where Teq is the temperature at the matter-radiation equality. This means that the typical
size of boson stars is of the same order with the wavelength of the perturbations at the
matter-radiation equality for the case of mZN ∼ mJ .
On the other hand, when M &Mc, the potential energy is relevant. If the interaction is
attractive, a boson star, called a dense boson star, may or may not form. The lifetime of
this kind of boson star, if it forms, is relatively short and may not survive on a cosmological
time scale. Therefore we do not consider this case further. In contrast, if the interaction is
repulsive, the size of boson star is given by ∼ Rc, which is determined by the offset between
the repulsive potential energy and the gravitational potential energy. The threshold at
which M = Mc is shown as a magenta dotted line in Fig. 2, where we assume that the
total amount of non-relativistic majorons is equal to the observed amount of dark matter.
Above the line, dilute (gravitational) boson stars form after the matter-radiation equality.
We can see that this is the case when the U(1)L is completely broken at H = mJ . It is
known that the lifetime of the dilute boson star is exponentially long, so that it is stable
on cosmological time scales [59, 62, 66, 67]. On the other hand, below the magenta dotted
line, where M > Mc, boson stars may or may not form depending on the sign of the quartic
interaction. One expects a stable boson star to form for the repulsive case.
Next, we comment on the effect of boson stars on the neutrino production rate from
majoron decay. The neutrino production rate from a boson star may be saturated by the
Pauli statistics near its surface if the density of majorons is high enough in the boson
star [68, 69]. We can check if this is the case by calculating the total neutrino production
rate from the majorons inside a boson star and comparing it with the upper bound of the
flux from the boson star with radius R. The former quantity is given by the number of
majorons inside a boson star, N , times the decay rate of individual majorons Γ, while the
latter one is [68] (
dN
dt
)
sat
' m
3
JR
2
24pi
. (55)
The ratio is given by
NΓ
(
dN
dt
)−1
sat
'

3× 10−17 ×N−1
(
mZN
mJ
)−5 (
mJ
1 meV
)−3
for M < Mc
3× 10−8
(
mZN
mJ
)−3/2 (
mJ
1 meV
)−5/2
for M > Mc
, (56)
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FIG. 3: Phase diagram of boson stars for the majoron with either an attractive (blue line)
or a repulsive (red line) interaction. The dashed blue line represents an unstable branch.
The vertical axis is normalized by the critical radius Rc and the horizontal axis is
normalized by the occupancy number at the critical radius.
where we assumed ΩDWh
2 = 0.12. If this is larger than unity, the neutrino production rate
is saturated by the Pauli exclusion principle and is given by Eq. (55). This is the case for a
small mZN/mJ .
In fact, the ratio is of order 1015 for mJ = 1 eV, mZN/mJ = 10
−20, and vσ = 106 GeV,
for which one expects an observable neutrino signal from majoron decay. Since the neutrino
production rate is many orders of magnitude suppressed by Pauli statistics, the neutrino
signal may not be observable in this scenario. However, the efficiency of boson star formation
may not be so high that all of non-relativistic majorons go into boson stars. We should note
that a typical boson star size R is many orders of magnitude smaller than the initial size
of density perturbations for a small mZN/mJ . Since the initial density perturbations are
not completely spherical, a significant energy density of majorons may not be absorbed by
the boson star. Therefore we expect that most of the non-relativistic majorons exist in the
Universe without forming a boson star. If this is the case, the prediction of the neutrino
signal does not change qualitatively.
Another important aspect of majoron star formation is that, depending on the values of
mZn/mJ , the gravitationally bound object may collapse to form a black hole. The reason
is that both, the mass M and the radius R, depend on mZn/mJ (see eqs. (50) and (53)). If
the boson star radius is smaller than the Schwarzschild radius, the boson star will collapse
to form a black hole. The ratio between the boson star radius and the Schwarzschild radius
is given by:
R/(2M/M2Pl) ∼ 1021(mZN/mJ)4(vσ/1012 GeV)−4 . (57)
When this ratio is smaller than of order unity, a black hole forms. This is interestingly the
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case when mZN/mJ is small, including the case for PTOLEMY (where one needs mZN/mJ =
10−20 and vσ = 106 GeV). For the case of a dense boson star, one must consider a small
modification of the above ratio, since the radius is constrained to be equal to the critical
radius Rc given in Eq. (48). In this case the ratio is given as
Rc/(2M/M
2
Pl) ∼ 1.33× 1017(mZN/mJ)2(vσ/1012 GeV)−3 . (58)
With a straightforward calculation, using PTOLEMY parameters, one realizes that such a
boson star will collapse to form a black hole with a mass of around MBH = 10
39g = 106M.
In the light of the above discussion, however, it is not guaranteed that this black hole will
form due to the non-sphericity of the initial perturbations.
6. DISCUSSION AND CONCLUSIONS
We have discussed the possibility of having a U(1)L lepton number symmetry sponta-
neously broken after inflation, and examined whether relatively light majorons can form
the cosmological dark matter. The spontaneous violation of the U(1)L symmetry results in
the formation of cosmic strings. We assume that the majoron has a nonzero mass, which
explicitly breaks the U(1)L symmetry at low energies. This breaking effect leads to the
formation of domain walls attaching cosmic strings, when the Hubble parameter decreases
to the majoron mass scale, mJ . These topological defects shrink to a point because of the
tension of the domain walls and subsequently decay into non-relativistic majorons. We have
determined the parameter region where the total amount of majorons is consistent with the
observed amount of dark matter. In particular, we have found that a O(1) eV majoron is a
viable dark matter candidate with lifetime a few orders of magnitude longer than the age of
the Universe. The decay of such a light and short lived majoron leads to an observable neu-
trino signal to the PTOLEMY experiment [21, 22]. A small fraction of relativistic majorons
can also be produced thermally which, due to their small mass mJ ≤ O(1) eV, contributes
to the energy density of the Universe as dark radiation. This would be indirectly observed
by the future observation of CMB anisotropies, like CMB-S4 [45, 46].
Non-relativistic majorons have large density perturbations because they are produced
from the decay of topological defects. Overdense regions condense forming boson stars
after the matter-radiation equality. We have discussed the properties of these boson stars,
including their size and mass. Moreover, we have shown that the neutrino production
rate from a boson star may be drastically suppressed by the Pauli statistics at its surface.
However, we expect that most of the non-relativistic majorons are not contained in boson
stars and hence the prediction to the PTOLEMY experiment does not change qualitatively.
One is also tempted to examine whether the majoron cosmic strings and domain walls
will form primordial black holes (PBH). Indeed a closed domain wall can shrink to form
a PBH if its initial length is much larger than the Hubble horizon [70]. In this reference
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the authors estimated the fraction of such large closed walls and concluded that a sizable
amount of PBHs can form in a realistic parameter region 10. This argument is based on an
assumption that the number of closed DW is suppressed only by a power law when the size
is larger than the Hubble horizon. However, closed DW are very rare and their number is
exponentially suppressed with their size. Following Vilenkin [73] their number is roughly
given by ln(N) ∝ (−(HR)2), with R the size of the closed wall. Therefore we expect that
the number of closed walls is exponentially smaller.
In short, we have provided the simplest type I seesaw benchmark scheme where non-
thermal production of a relatively light majoron arising from the decay of topological defects
can provide a viable cosmological dark matter scenario. In contrast to the case of thermal
majorons, the type-I seesaw scale in our cold dark matter scenario is consistent with what
may be expected from unification. We have examined possible implications, such as direct
detection of light majorons with future experiments such as PTOLEMY and the formation of
boson stars from the majoron dark matter. Many variant schemes with richer phenomenol-
ogy can be envisaged, for instance those involving the seesaw mechanism containing Higgs
triplets [9] in which lepton number symmetry is broken spontaneously [11].
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